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ABSTRACT
Stressed-skin constructions in which low modulus thin 
laminates of composite materials are shaped to provide stiffness 
to the overall structure have been utilised for a number of 
years. There have not been any rigorous analytical or 
mathematical solutions to solve this structural problem; 
it is generally investigated by an approximate method such 
as'substituting the continuum comprising the structure into 
an analogous skeletal one. Although this method indicates 
the stress level in the structure and deflections of the overall 
construction, careful estimates of the equivalent areas of the 
skeletal structure have to be made. More detailed information 
concerning stresses and deformations within the continuum may 
be provided by the finite element model.
Both experimental and finite element techniques have been 
used to examine the stresses and the deformations within a 
loaded structure. The finite element method has been developed 
to allow for both inplane and bending stresses to be considered. 
Within the continuum of a complicated shape, in the form of a 
tetrahedral unit which comprised the basic units for a structure, 
results from this analysis have been compared with those for 
an experimental model under static loads.
In the analytical model, it was found that particular 
care had to be taken when deciding the degree of fixity of 
the individual units to their neighbours, and it was assumed
that full fixity was developed. In the experimental model, 
however, the units were bolted and it is shown that this type 
of connection gives an order of magnitude of larger defelections 
than that for the analytical model. The agreement between 
the analytical and experimental stresses and deflections was 
not good due to the coarse mesh that was used in the finite 
element analysis and which affected the boundary conditions 
of the units. A more realistic idealization of the structure 
in which bolts are used to connect individual units could 
have been simulated by the utilisation of a very much finer 
mesh but this would have, greatly exceeded the core capacity 
of the electronic computer. It is suggested that the structure 
be analysed on a larger capacity computer.
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CHAPTER ONE
INTRODUCTION
1.1 General Introduction
Plastics materials are being used increasingly in the 
construction industry; in order to be able to use any material 
economically, it is necessary to consider its mechanical, 
physical and structural properties.
Numerous publications have recently dealt with the 
composition and the properties of plastics materials; it 
was therefore not felt necessary to give a resume of the 
plastics materials and their individual properties in this 
study. A number of references are given at the end of this 
thesis which might be of interest and of use to the reader.
Plastics in general have many desirable properties such 
as flexibility in the design form and shape, great strength 
to weight ratio, low specific weight, translucency and 
corrosion resistance. The main disadvantages are that they 
are greatly affected by temperature and by rate of strain; 
they have a low modulus of elasticity which causes a large 
deformation to occur when under load.
The tendency during the early design stages for new 
materials is to utilise them to duplicate the structural 
components which have previously been designed using other 
materials. This straightforward material substitution 
rather than an overall design approach to the problem is 
unsuitable in the structural application of plastics.
The lack of rigidity of plastics may be overcome by the 
proper choice of structural forms. Stressed-skin structures 
have small ratios of thickness to lateral dimensions and 
their strength is primarily a function of the geometry of 
the structure; the effect of the mechanical properties of 
the material is very small in such structures. A folded plate 
structure is an example of such a construction.
1.2- Structural Forms in Plastics
Glass reinforced plastics materials are used generally 
in the form of thin sheets. This is due to the manufacturing 
techniques of this material and of thermoplastics plastics 
which are generally produced in extruded sheet forms.
Plastics offer completely new possibilities in the 
forming of shapes and processing techniques. Thermoplastics 
can be formed into any desired shape by passing the material 
through a heating cycle. An investigation was undertaken to 
study the mechanical behaviour of a thermoplastics plastics, 
known as Sintilon, and to construct a structural element 
which could be used in combination with identical elements 
to form a folded plate structure. As a result of this study, 
a closed sided tetrahedral arrangement was chosen as the 
basic unit for the construction of a structural model. The 
experimental study on Sintilon and the structural units is 
given in Chapter 2.
1.3 Theoretical Analysis
Folded plate structures are being extensively used in 
the building industry because of their ability to span large 
distances with a comparatively small rise and also due to 
both economic and aesthetic factors. The folded plate 
structure is a prismoidal shell formed by a series of 
adjoining thin plane slabs rigidly connected along their 
common edges, and usually closed off at its end by integral 
diaphragms.
A theory of folded plate structures was first developed 
by Ehlers ^°^who used a membrane solution assuming negligible 
displacements of the joints. This membrane approach 
considered the slabs as beams supported at the'end diaphragms 
and hence with a linear stress distribution across their
width. Other approximate methods were developed by many
(41) (12)engineers notably Winter and Pei and Gaafar but these
methods do not yield solutions of sufficient accuracy.
Werfel indicated an approach which considers both
elasticity and plate action of the slabs and requires
satisfying equilibrium and compatibility equations at the
(15)
joints. This method was later modified by Goldberg and Leve 
to give acceptable solutions for folded plates design.
Werfel's method deals only with folded plate structures of 
uniform cross-section and is unable to deal with structures 
containing openings or with different support conditions.
The difficulties surrounding the analysis of folded plate 
structures and other continua make it extremely difficult
mathematically to attain an exact solution, and consequently 
there is a need for a method of analysis that would yield 
results to a high degree of accuracy and also one that is 
capable of dealing with all types of folded plates and other 
shell structures* The finite element technique is a method 
that has the potential of producing acceptable solutions 
for such an analysis.
A resume of the finite element technique is presented in 
Chapter 3 of this thesis. The method of deriving a stiffness 
matrix for a flat triangular shell element is described in 
the resume. A computer program utilising the finite element 
method was developed and is described in section 3.10. 
Appendix One gives the basic matrix formulations involved 
in the derivation of the element stiffness matrix.
1.4 Experimental Analysis
The object of structural analysis is to establish the 
values of principal stresses and cartesian stress components 
in any direction as well as deformations induced in the 
structure when subjected to specified loading conditions. 
Numerical analyses necessarily include some simplifying 
assumptions. The finite element method of stress analysis
involves an idealized representation of the actual structure.
/
It is therefore desirable to have some experimental results 
to provide an independent check on the theoretical work.
An experimental analysis was undertaken to observe the 
structural behaviour of a folded plate model formed by 
combining similar double faced tetrahedral units. The 
construction of the model and the tests carried out on it 
are presented in Chapter 4 of the thesis.
The object of this work was to study the behaviour of 
a plastics structure by observation of the physical changes 
brought about in it by applied loads and by measurements 
of stresses and deformations resulting from the applied 
loads. A theoretical analysis was then carried out utilising 
the finite element method of stress analysis and the two sets 
of results were then compared with each other. The comparison 
and the discussion of these results are given in Chapter 5.
CHAPTER 2
GEOMETRIC SHAPES FOR CONSTRUCTION IN SINTILON
2.1 Introduction
When a new method of analysis is developed it is always 
advisable to check the accuracy of it against known theoretical 
solutions and to compare results of the analysis with an 
experimental model test.
The finite element technique is apparently an ideal 
method of analysis of a structure constructed in a plastics 
stress skin system, and an analytical and experimental model 
were produced to test its accuracy. The material used for 
the experimental model was a thermoplastics material under 
the trade name of Sintilon. Sintilon is an extruded rigid 
PVC sheeting which conf^ns to B.S. 4203, 1967, and is 
manufactured by Chemical Industries Ltd. An
investigation was carried into its mechanical properties 
and the details are given in section 2.2. The average value 
of the tensile stress of the material, from direct tension 
specimens, was found to be 9960 psi with an average elastic 
modulus of 455800 psi. The average value of the modulus 
of rupture of the material was found to be 176 50 psi, when 
utilising a three point loading arrangement.
A structure built in a conventional form utilising 
Sintilon will exhibit large deflections due to the low 
modulus of elasticity of the material. The large deformations
are caused by bending moments and an unfavourable behaviour 
with respect to instability under compressive stresses which 
leads to buckling. A solution to reduce the large deformations 
and stresses could be found in avoiding bending moments in 
the sheets and allowing only plane stresses to occur in the 
material. The use of properly shaped structural forms of 
sufficient rigidity would lead to the attainment of structures 
resisting mainly in plane stresses.
An investigation into the use of various structural 
units was made and the results of the study are given in 
this chapter.
2.2 Mechanical Behaviour of Sintilon
Sintilon is a thermoplastic material which may be 
softened through the application of heat and re-hardened 
through cooling; under load it behaves viscoelastically.
It is realised therefore that the stress applied to the 
material is a function of a number of parameters such as 
strain, time, temperature, humidity, etc.; and of these 
parameters the most important are strain, time and temperature.
The laboratory is not temperature or humidity controlled 
but is maintained within the range 68° - 3°F by the main 
heating system, and has an average relative humidity of 50 
percent. The tests which have been undertaken therefore 
give the relationship between the stress, strain and time 
only.
The specimens tested under direct axial tensile loads, 
are shown in Fig. 2.1 and are of a type specified by ASTM- 
D638,67T with varying widths and with two thicknesses of 
nominal values 0.0625 and 0.125 inches. An Instron Testing 
Machine model type TT-CM-L-M4 which is shown in Fig. 2.2 was 
used for this test. An Instron strain gauge extensometer, 
model type G-51-11 was used to measure the strains directly. 
Load-strain curves were plotted on a X-Y chart plotter which 
was synchronized with the extensometer mounted on the test 
specimen; a constant rate of strain of 0.5 cm. per minute 
was applied throughout the tests.
The deformation of Sintilon under an increasing load 
was typical of thermoplastics. Initially the -specimens 
deformed in an elasto-plastic manner up to a certain point 
beyond which further extensions of the specimen was wholly 
plastic. The specimen commenced to neck as plastic deformation 
started; the length of the neck varying directly with the 
specimen thickness. A change of material colour occurred 
with necking from a natural transparent to a milky white, 
and this was accompanied by the generation of heat in the 
specimen. This phenomena is probably due to the re-orientation 
of the molecules of the material into a unidirectional 
alignment. However, further increase in strain of the 
material caused failure which is unlike some thermoplastic 
materials, for example Polypropylene, which take up the 
properties of fibres as the strain of the original material 
increases beyond the yield point.
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Fig* 2,2 Tensile Specimen in the Instron Testing Machine
2.2,1 Test Results of Control Specimens
The results of the direct tension test are tabulated in 
Table 2.1. The average value of the yield stress was found 
to be 9960 psi. The ultimate stress at failure calculated 
on the reduced cross-sectional area of the specimen at 
failure was 11000 psi, with a coefficient of variation of
5.9 percent. A typical load-strain curve is shown in 
Fig. 2.3.
The average value of the elastic modulus was found to 
be 455SOO psi - 3% within stress.levels of 0 and 3500 psi.
This value is typical of PVC, as the modulus of elasticity
5
of a PVC is of the order of 4.5 x 10 psi. A comparison 
of tensile strengths and modulus values for various plastics 
showed Sintilon compares favourably with those of other 
thermoplastics materials.
The specimens used in flexural testing were of the 
type specified in ASTM D790-63 with two thicknesses of nominal 
values of 0.0625 and 0.125 inches. As the span to depth ratio
of 16 was utilised with a specimen width of 0.5 inches. A
constant rate of strain of 0.2 cm. per minute was applied 
through the Instron Testing Machine to the specimens under 
a three point loading arrangement.
The average value of flexural strength was found to be
17650 psi with a standard deviation of 550 psi; a typical
load-deflection graph for the test is shown in Fig. 2.4. In
the region adjacent to the point of application of a point
\
load on a beam there exists localized stresses which must be
Table 2.1
Specimen Geometric properties Area Maximum Yield Young'snumber W. T. C. L. load Stress Modulus
ins. ins. ins. ins. . 2 m . kgm lbf/in^ lbf/in^
1 0.235 0.060 0.744 9.22 0.0141 60 9381.3 451924
2 0.249 0.059 0.748 9.25 0.0147 62 9298.3 457410
3 0.248 0.055 0.750 9.22 0.0136 60 9697.7 457301
4 0.249. 0.056 0.753 9.22 0.0139 58 9199.1 437161
5 0.240 0.055 0.742 9.22 0.0132 56 9352.8 453130
6 0.239 0.058 0.740 9.23 0.0139 58 9199.1 423370
7 0.258 0.133 0.756 9.22 0.0343 155 9962.5 472719
8 0.254 0.127 0.759 9.25 0.0323 143 9773.0 452255
9 0.256 0.131 0.756 9.22 0.0335 157 103 32.1 449753
10 0.230 0.130 0.733 9.22 0.0299 149 10986.1 434305
11 0.258 0.130 0.764 9.25 0.0335 152 10003.0 436234
12 0.256 0.125 0.751 9.22 0.0320 147 10127.4 468524
13 0.490 0.055 0.741 8.5 0.0270 120 9816.0 448102
14 0.496 0.055 0.750 8.5 0.0273 124 10013.6 464250
15 0.492 0.057 0.742 8.5 0.0280 130 10263.4 453534
16 0.494 0.055 0.745 8.5 0.0272 120 9736.9 474050
17 0.491 0.054 0.745 8.5 0.0265 122.5 10191.1 4 52276
18 0.482 0.056 0.744 8.5 0.0270 123 10043.2 460039
19 0.495 0.133 0.746 8.5 0.0658 320 10721.0 452399
20 0.481 0.133 0.732 8.5 0.0640 295 10196.3 452909
21 0.483 0.132 0.731 8.5 0.0638 281 9709.9 478212
22 0.482 0.132 0.739 8.5 0.06 36 297 10295.1 464121
23 0.497 0.130 0.750 8.5 0.0646 291 9930.9 467802
24 0.497 0.131 0.756 8.5 0.0651 320 10836.7 477840
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superimposed upon the bending stresses to give the total 
stress at this position. Timoshenko studied the
effect of local stresses in bending of beams by using the 
rigorous solution for stress distribution in an infinitely 
large plate subjected to the action of a concentrated load. 
The concentrated load produces a wedging action which 
reduces the tensile stresses produced in the beam. At the 
point of application of the load, the maximum tensile stress 
in a beam is given by:
3PL / -| 4 d » 0 .
O ’ ~ \ JL ) % i t t c • JLmax 2bd 3 tt 1
The second term in the parentheses represents the stress 
produced by the wedging action of the load and this correspond 
to a reduction of 2.65 percent in the tensile stress in a beam 
with a span to depth ratio of 16. This has been allowed for 
in the evaluation of the flexural strength.
No reliable data, for comparison purposes, can be found 
for the modulus of rupture values of PVC, but it would seem 
unlikely that Sintilon would vary greatly in its flexural 
behaviour from other PVC material.
2.3 Experimental Units
Two basic geometric shapes were investigated to determine 
the appropriate configuration for the individual units of a 
complete structure; these were of pyramidal and tetrahedral 
form.
2.3.1 Pyramidal Units
The pyramidal shape is widely used as stressed skin
structural elements for roof systems. Units made in the
form of pyramids were therefore manufactured in order to
▼
study the structural behaviour of Sintilon under load and 
its usefulness in the construction of such elements. The 
unit . tested was a pyramid of base dimensions of 30 inches 
and a rise of 2 inches. The nominal wall thickness 'was 
0.0625 inches.
To form the unit, four equal triangles were bonded 
together at an angle by a butt joint and stiffened by 
2 inch wide cover strips. The base of the pyramids was 
formed by four flat strips which acted as flanges and which 
were at right angles to the supporting plane. These flanges 
were also butt joints with 2 inch wide cover strips. The 
unit was bolted to the foundation plane through the flanges 
to form a rigid support. Fig. 2.5 shows the layout and 
construction of the unit.
As the supports were sufficiently rigid to provide 
restraints against horizontal moments of the lower edges 
of the walls, a state of plane stress existed in the 
pyramid walls.
2.3.2 Test Method and Strain Measurements
Strain gauge rosettes, of the type Showa FR-8 with a 
gauge length of 8mm and gauge factor of 2.12, were bonded
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to the unit to estimate the values of principal strains and 
stresses. The position of the gauges are shown in Fig. 2.5.
Vertical loads were applied to the unit at its apex 
,by suspending weights from a weight hanger. The load increments 
of 7.5 lbf were applied to the unit up to a maximum of 60 lbf 
and for each increment stress-strain behaviour and deflection 
at the apex were observed. The principal stresses were 
computed and plotted against the applied vertical apex load 
with the aid of an electronic computer.
The unit was then stiffened by means of Tee members 
joining the apex to the centre points of the base flanges 
on each of the four flat surfaces of the pyramid and the 
above tests were repeated.
2.3.3 Test Results of Pyramidal Units
Typical minimum and maximum principal stress values at 
the centre and at the folds of the plates for the stiffened 
and unstiffened units, are shown in Fig. 2.6 and Fig. 2.7.
The deflections at the apeces of the units are shown in 
Fig. 2.8.
Creep tests were performed on the two types of units 
by allowing a total apex load of 30 lbf to remain in position 
for 28 days. The deflections were observed throughout this 
period, and these are shown in Table 2.2.
Time Initial elastic expen- sreccm?in inches
%feep as percentage 
of initial elastic ex­
tension in inches
0
Unstiffened Stiffened Unstiffened Stiffened
0 . 1 2 0 0.103
64 hrs. 41 32
14 days 93 67
28 days 1 1 0 77
Table 2.2
Creep properties of the stiffened and unstiffened 
units. Load applied in both cases 30 lbf. at apex 
of unit.
00
T3 atc ~o
C D  *— LU
s  *— g  v>U) ~~J Cl
cn
O
O
LO
O
O
O
O
00
oo
CM
CD CD
cn
O
O
OOOO OO O
to l o  .<r oo rxr
'dai-avcn
FI
G
.2.
6 
TY
PI
CA
L 
LO
AD
-IN
PL
AN
E 
M
AX
IM
UM
 
PR
IN
C
IP
AL
 
ST
RE
SS
 
CU
RV
ES
 
FO
R 
ST
IF
FE
NE
D 
AN
D 
U
N
ST
IF
FE
N
ED
 
U
N
IT
S
in ooUD ro
L_J
CN
O o
o
o
F r -  tO
o
o
CN
o
o
CO
o  
o  to
O  -
CD CO
CO
LO
CD CL
CD
O
O
CO
O
O
O*
OO
GO
LO
LL!
>
or
Z)
o
lO
LO
LU
CC
LO
<
CL
i—i
O
DC
CL
LU
Z
<
_I
CL
I
O
<o
<
o
I—I
CL>-
CN
d
I—I
LL
FO
Ps
 
ST
IF
FE
N
ED
 
AN
D 
U
N
ST
IF
FE
N
ED
 
U
N
IT
S
.
dei ~q v 01
It is seen from this investigation that it is desirable, 
but not necessary, to fold the plates comprising the 
individual pyramidal units so that the inplane stresses and 
ape^ deflections of the units are reduced. The stress 
levels of the unstiffened units are about 400 percent greater 
than those of the stiffened units and the deflections of 
the unstiffened unit are 48 percent greater than the stiffened 
unit. The creep characteristics of the two units also show 
the same trend.
When a structural member is made of an unreinforced 
plastics material and it is loaded, it will creep; eventually 
the member will creep to failure. The time it takes to fail 
will depend upon the creep rate and this in turn will depend 
upon the stress level in the member. If during its life 
the plastics material is relieved of its load, there will 
be a creep recovery and if this stress release is longer 
than about four times the loaded period, the material will 
take up its original length again. The ten minute load- 
def flection graphs (Fig. 2.8) show that the higher the load 
value, the greater is the creep rate. There is a high creep 
rate under the 60 lbf point load at the apex for both .the 
stiffened and unstiffened units and it is clear that eventually 
the structure would fail under this high creep rate.
2.3.4 Double Folded Tetrahedral Unit
It is clear that when using unreinforced plastics axs a 
structural material it is necessary to utilise the geometry
of the basic unit to the best advantage in the overall
structure so that the deflections are reduced to a minimum.
(11 )
Buckminster Fuller 7 in 1965 conceived a basic shape
(1 q )
which was exploited by Huybers ' to form a double layer 
folded plate and which is shown in Fig. 2.9; this unit is 
employed in the present investigation to form a structural 
model. The units were formed from flat sheets of Sintilon 
material folded along a line with two of these folded sheets 
joined together at the free edge. These basic lines formed 
a stable skeletal framework.
The units were shaped by vacuum forming flat Sintilon 
sheets. A typical mould is shown in Fig. 2.10. The 
tetrahedron is manufactured by forming two sheets over the 
mould and glueing them together along the free edge which 
is made into a flange. After glueing the fold lines are 
at right angles to each other when viewed in plan.
To form the complete structure the units may be joined 
together by bonding and bolting units along their flanges 
to give the required shape of the structure.
2.3.5 Slab Construction and Testing
By combining the tetrahedral units, described above, 
a flat rectangular slab was manufactured. The units used 
were of the following dimensions:
ab = be = cd = ad = 11.161 inches 
ac = bd = 14.567 inches
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The tetrahedral units were bolted to each other along
aud c m m M ^
their free flange edges ^ ^ ■'sr^ruemade from the parent 
material which had been dissolved in Tetrahydrofuren and 
four 1/16 inch diameter brass bolts evenly spaced along the 
flanges. For the tests the slab was simply supported along 
all four sides. A plan and cross section of the slab with 
dimensions are shown in Fig. 2.11.
The loads were applied at 28 internal joints; each 
joint forming the junction of four tetrahedral elements. 
Circular perspex pads were glued to the upper surface of the 
slab and through these pads were mild steel hooks to take 
the loading on the structure; these pads also served as a 
base for the deflection dial gauges. From the loading hooks 
springs were placed in series with the weight hangers which 
in turn rested on a timber platform. In this position the 
weight hangers could be loaded with the required load 
increment and on lowering the platform, with the aid of a 
hydraulic jack, the load could be brought simultaneously 
and without impact on to the model.
To enable the deflections of the joints of the slab to 
be measured when loads were applied, dial gauges of 1 inch 
range and sensitivity of 0 . 0 0 1  inch were installed to record 
the vertical displacements at eight different joints. The 
positions of the dial gauges are shown in Fig. 2.12.
In order to determine the stresses and strains produced 
on the model by the applied forces, electrical resistance
5 8.5 in.
FIG.2.11 PLAN AND SECTION OF SLAB
o dial gauges 
x strain rosettes
FIG.2.12 POSITIONS OF STRAIN ROSETTES AND 
DIAL GAUGES ON SLAB
strain gauges (Showa, Type FR-8 ) were used. The strain 
rosettes, 0, 45, 90, were planted in 16 different positions 
as shown in Fig. 2.12. The gauges were connected to an 
electronic data logger which recorded the strain readings 
on punched paper tape. The tape was then used as input 
data and the principal strains as well as the principal 
stresses were computed by a program operated on an ICL 1905F 
computer.
The loading procedure was carried out in increments of 
1 lbf at each loaded joint up to a maximum of 4 lbf live 
load or a total of 112 lbf acting on the slab. In each 
loading step, the strain and dial gauge readings were recorded 
before the application of the load and then the loads were 
applied and an immediate record was obtained for the strains 
and displacements produced. The slab was left under the 
action of the load for twenty minutes to allow creep to 
occur. Additional readings were recorded at 5 minutes and 
20 minutes intervals after loading. The loads were then 
taken off and the slab was allowed to recover from creep 
‘for twenty minutes. The strains and displacements were 
recorded immediately the loads were removed and twenty minutes 
later. The process was repeated for all the increments of load.
2.3.6 Results of the Simply Supported Flat Slab Tests
The principal stresses were computed from the strains 
recorded by the data logger. Fig. 2.13 and Fig. 2.14 show 
typical principal stress values plotted against the applied
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loads. The stress levels throughout the slab were of a 
relatively low order; the maximum principal stress had a 
value of 350 psi and the minimum principal stress of -97 psi.
The load-deflection curves are shown in Fig. 2.15,
Fig. 2.16 and Fig. 2.17 for load applications at time 
intervals of 0, 5 and 20 minutes respectively. It will be 
seen that the creep rate tends to increase as the load 
increases. The displacements follow a straight line pattern 
but the load deflection curves appear to have an initial 
value of deflection at zero load. This behaviour may be 
due to the bedding down of the various units comprising the 
structure. On removing the loads complete recovery did not 
take place immediately but after allowing the material to 
creep under zero load for twenty minutes, there was an 
average recovery of about 95 percent.
The behaviour of the structure under the applied loads 
was considered to be satisfactory as the deflections and 
stresses throughout the slab were within acceptable limits.
A pitched roof structural model, utilising tetrahedral units 
of the same type used in the construction of the slab, was 
designed to be studied experimentally and theoretically.
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CHAPTER 3
THE FINITE ELEMENT METHOD OF STRESS ANALYSIS
3.1 Introduction
The finite element technique is a relatively new method
for stress analysis of structural continua and is analagous
to the matrix method of analysis for skeletal structures.
The concept underlying this method was first, introduced by 
( 1 \
Argyris ' i n  1954-55, and by Turner, Clough, Martin and 
( 97 )Topp J ' in 1956. The matrix methods of structural analysis
which provide the most practical means of organizing
mathematical computations on electronic computers, were
( 91 )introduced by Langefors in 1952.
The basis of the finite element method, and of matrix 
structural techniques in general, is that every structure 
may be considered to be an assemblage of individual structural 
components or elements. The structure must consist of a 
finite number of such elements interconnected at a finite 
number of nodal points. The approximation which is employed 
is of a physical nature as the actual continuum is substituted 
by a modified structure and there is no need for approximations 
in the mathematical analysis of the new system.'
Errors associated with approximations may be classified 
as those of idealization, discretization and manipulation. 
Errors of idealization are caused by formulating a mathematical 
model of the structure, discretization are those involved in 
replacing the continuum by an assemblage of finite elements 
and manipulation are the arithmetical ones incurred in 
performing the required calculations.
3.2 Upper and Lower Bound Solutions
The stresses or the displacements within the elements 
of a structure are assumed to vary in a simple continuous 
manner, expressed in terms of the spatial coordinates, and 
element parameters. Continuity requirements across element 
boundaries and prescribed boundary conditions are enforced 
by adjusting the element parameters so as to satisfy the 
criterion of the minimization of either the total potential 
energy or the complementary strain energy. The former gives 
rise to the displacement method of analysis and the latter 
to the stress method.
The stress and displacement solution of a structure
obtained from the finite element method is based on a
structural approximation. The solution to any problem is of
value only if the accuracy of the approximation is known. If
the exact solution matrix is assumed to be d and thee
approximate to be da , then a lower bound to the exact 
solution is given if d_ > d_ and conversely, an upper bound
6  cl
solution is yielded. The compatibility approach produces 
a lower bound solution and the equilibrium method an upper 
bound one. To obtain the range in which the exact solution 
lies, one should analyse a structure by both equilibrium and 
compatibility methods. An exact mathematical solution of a 
structure is virtually impossible to realise as it involves 
the structure being formed into an idealised mathematical 
model and therefore is not a true representation of the actual 
structure. Therefore in the case of complex structures, it is 
desirable to have experimental results to provide another set 
of solutions for the purpose of comparison.
As the selection of displacement functions is of prime
importance it is desirable to select a function so that when
reducing the size of the mesh the solution would lead to
smaller errors. This will assist the convergance to the
( 9 7 )
exact solution. Melosh ' gives the requirements with 
which the assumed displacements must comply. These are as 
follows:
i) the displacements must be continuous over the
elements. (They need not have continuous derivatives)
ii) the displacements must maintain continuity with those 
of adjacent elements. The displacements along any 
side of the elements are selected so that they depend 
only on those at the nodes bounding the side;
iii) the displacement function must be a linear function 
of the generalised displacements. This is necessary 
•so that the load-displacement equations will be 
linear.
.Displacements conforming with the above requirements and 
with the potential energy theorem will lead to solutions with 
definable discretization errors.
3.3 General Principles of the Finite Element Method
The new representation of the actual structure which is 
achieved by structural idealization is analysed by the 
evaluation of the element properties and the structural 
analysis can be listed as follows:
(a) The selection of the displacement functions for 
the elements;
(b) The evaluation of the stiffness matrix of each 
element;
(c) The formation of the stiffness matrix of the structure
(d) The allocation of nodal loads;
(e) The introduction of boundary conditions;
(f) The solution of the resulting set of simultaneous
equations for the displacements of the nodes;
(g) The evaluation of the internal stresses in the element
In the following sections the above steps are discussed 
and their application to computer programming illustrated.
3.4 Choice of Displacement Functions
During this investigation various displacement functions 
have been utilised when considering triangular and rectangular 
elements and from these the appropriate one for the analysis 
was selected. The shape of the basic unit comprising the 
structure to be analysed favoured the use of triangular 
elements; this shape also exploited the greater adaptibility 
of the triangular elements in fitting arbitrary boundary 
geometries. The program was developed to both plane and 
flexural strain analysis.
3.4.1 Plane Stress and Strain Analysis
A fully compatible displacement function can be prescribed 
easily for triangular plane stress elements. It is necessary 
merely to specify that the internal displacements vary 
linearly in two perpendicular directions. The suggested 
functions for different nodal points are given as follows:
u = + a2 x ■+ y.......................... ..... 3.4.1
v = a 4 + a 5 x + ag y ..... 3.4.2
Each boundary in the undeformed element will remain a
straight line after the application of the load. As a result, 
the nodal compatibility which is established by the displacement 
analysis procedure will ensure complete boundary compatibility 
between nodal points.
3.4.2 Bending of Plates
The state of deformation of a plate can be described 
entirely by one quantity, namely the lateral displacement (w) 
of the 'middle plane1 of the plate. This is done by assuming 
linear variations of strains and stresses over the thickness 
of the plate. Continuity conditions between elements have 
to be imposed not only on this quantity but on its derivatives. 
This is to ensure that the plate remains continuous and does 
not kink. At each node, therefore, three conditions of 
equilibrium and continuity will usually be imposed.

The determination of suitable displacement functions for 
triangular elements in bending is complex. Apparently a simple 
polynomial expansion would be sufficient to define the shape 
functions but a difficulty arises as only nine independant 
movements are imposed and the cubic polynomial contains ten 
terms. Several possibilities were investigated such as 
omitting the xy-term to maintain symmetry or equating two 
coefficients to limit the number of unknowns to nine. 
Unfortunately, for certain orientations of the element sides 
with respect to the coordinate axes, the matrix relating 
nodal displacements to generalised displacements becomes 
singular and therefore can not be inverted. Difficulties 
of such assymetry can be avoided by the use of area coordinates, 
described in the next subsection. These are a natural choice 
for triangular elements in the finite element technique.
3.4.2.1 Area Coordinates
Two sets of coordinates are defined, a global cartesian 
system (x,y) outside the element and an area system .
within the element. A point P (Fig. 3.2) will define the 
following set of area coordinates:
Ai Ao A 3
■^1 ~* —  / ^ 2  ^ "pj t -^3 = .....3.4.3
where A^, A 2 , Ag are the areas shown in Fig. 3.2 and A 
is the total area of the triangular element.
YFig. 3.2 Area and Cartesian Coordinates for a point P.
The area coordinates are defined by the following linear
relation with the cartesian system:
x = . Llxl + L2x2 + L3x3
y = + L2^2 ~ L 3 ^ 3  .... 3.4.4
1 ■ L^ t L 2 t
Solving equation 3.4.4 gives
Lj = (a^ + b^x + c^y)/2A
L 2 = (a2 + b2x “ c2 y)/2A  3.4.5
L3 = (a^ ~ b^x - c3y)/2A
in which,
x. *i
A = h X . 3.4,6
x. *3
and,
x2y2 ~ x3y2
'1 - * 2  “ *3
C1 ~ x3 " x2
} 3.4.7
One the relationship between global and area coordinates 
is established, any function of the area coordinates can be 
expressed in terms of x, y derivatives, noting that
8 f = 8f 8L 3f 8L 3f 8L
8x ' 8L^‘ 8x 9L2 * 3x 3L 3 * 9x
8 f
8x
JL_
2A b.
8f
j=l,2,3
3.4.8
Similarly,
8f
8y
JL
2A c .
8f
j 3L. j-1 ,2 ,3
 3.4.9
When element matrices have to be evaluated it will follow 
that one is faced with the integration or quantities defined 
in terms of area coordinates over the triangular area. The 
integral of terms in area coordinates is directly given by 
the formula:
Integral L ^ I ^ d A (i+j+k+2 ) 3.4. 1 0
3.4.2.2 Shape Functions
The ten terms of a cubic expression are formed by the 
products of all possible cubic combinations, i.e.,
For a triangular element any of the above terms can be 
used in a suitable combination to give nine degrees of 
freedom. The choice of the shape functions is governed by
the bending of plates and the state of deformation of the 
functions represent. Four essential modes are shown in 
Fig. 3.3.
Taking the above modes of deformation into consideration 
the displacement of the plate is assumed to be in the form,
2
w =  "* ^2 ^ 2  ^3 ^ 3  ^ 4 (^Li + t
(42 )the requirements set in section 3.2. Zienkiewicz
discusses some functions which are of prime importance in
35 (l 2l + ^l 1l 2l 3) + b6 (l 2l + ^l xl 2l 3) +
'2 1 2 3
37 (L2L + ^L1L2L3) + 3g (L2L + h-L^L^L^) +
39 (L2L + ^LxL2L3) 3.4.11
The element specified by the above function was first 
presented in reference (3)..
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3.5 The Evaluation of the Stiffness Matrix of Individual Elements
The general procedure for the establishment of the 
stiffness matrix of an element is as follows:
i) A state of displacement and thus of strain is assumed 
in the element; this being defined in terms of all 
the displacements which are able to be imposed on 
the nodes?
ii) From the known stress-strain relations the state of 
stress corresponding to the imposed displacements 
is formed?
iii) Virtual-unit displacements are introduced at each 
node in turn and by equating the work done at the 
nodes due to such displacements to the corresponding 
changes of internal work within the element, the 
stiffness matrix is established,
A typical finite element can be defined by its nodes and
straight line boundaries. The displacements at any point
within the element can be defined as a column vector, {6}'
d = A a  3.5.1
in which the components of A are, in general, functions of
position or coordinates of the nodes and {d} represents a
listing of nodal displacements for a particular element, i.e.,
and where,
6 .l
z
)
X
Iy
iz
solving for a in equation 3.5.1 gives
a' = A 1 d
3.5.3
3 5 4
with displacements known at all nodes within the element the 
'strains1 at any point can be determined. These will result 
in the following relationship:
Ba
The stresses {a} are related to the strains as follows:
a = De .....3,5.6
where D is a matrix containing the elastic properties of 
the material of the element. Therefore the relationship 
between the stresses and the nodal displacements is:
Applying the principle of virtual displacements gives 
the relationship for virtual work,
Wj = eTadV .....3.5.8
or, Wj = aT [ /* BTDBdv]a .....3.5.9
vol. -1
The external work associated with the virtual generalised 
displacements a is given by:
Wg = a^ B ..... 3.5.10
where 3 represents the generalised forces corresponding with 
the displacements a.
Assuming a = I and equating external to internal virtual 
work yields,
/•
^vol.BTDBdV a .....3.5.11
By definition, the bracketed term represents the 
generalised coordinate stiffness of the element,
- f  TK = I B DBdV  3.5.12
J vol.
Transforming to the desired nodal point stiffness, K,
gives
r T / b t
J TTA 1
K = A x I B'DBdV A"1  3.5.13'
vol.
This expression is the required element stiffness 
matrix.
3.6 Assembly of the Stiffness Matrix of the Structure
The stiffness matrix K of a structure servies to relate 
the nodal loads W acting on the structure to the resulting 
nodal displacements d .
Kd = W .....3.6.1
The stiffness matrix of the structure can be assembled 
by combining the individual stiffness matrices of all the 
elements of the finite element idealization. To accomplish 
this, it is necessary first to transform the stiffness 
matrices of the individual elements to a common coordinate 
system called the frame coordinates, then adding together 
the approximate components of the element stiffness matrices 
gives the required structure stiffness matrix. The transformed 
element stiffness, K, expressed in frame coordinates is 
given by:
K = TKTT ..... 3.6.2
where T is a matrix required to transform local coordinates 
to frame coordinates and K represents the element stiffness 
matrix in local coordinates. The contribution of each 
element can be added directly into the stiffness matrix of 
the structure.
3.7 Specification of Boundary Conditions
The overall stiffness matrix obtained in section 3.6 
is singular and the boundary constraints must be specified 
to be able to solve the resulting system of equations
represented by K d = W, These conditions will consist of 
either prescribed forces or prescribed displacements. The 
introduction of boundary loads is automatically incorporated 
in the formation of the load vector W on the right hand 
side of equation 3.6.1.
If a displacement is specified, then the corresponding 
row and column in the stiffness matrix K is eliminated and 
the element corresponding to the degree of freedom of the 
joint for which the displacement is specified is set to 
unity. The specified displacement is then introduced in. the 
appropriate element of the load vector W.
3.8 Evaluation of Internal Stresses
The area of importance in many structural problems lies 
within the elements and the displacements found by solving 
equation 3.6 enable these internal stresses to be determined. 
The stresses, unlike joint displacements, may be assessed by 
considering the individual elements isolated from the rest 
of the structure. Equation 3.5.7 gives the relationship 
between the internal stresses and the nodal displacements 
of the element.
This equation may be rewritten as 
o = N d 
where a = D B A  ^d
and is usually referred to as the stress/displacement matrix.
••...3.8.1 
.....3.8.2
3.9 The Computer Program
In this investigation a computer program has been developed, 
utilising linear finite element analysis of triangular 
elements, to determine the theoretical behaviour of structures 
under load. The program, written in ALGOL language and used 
with the ICL 1905F computer installed at the University of 
Surrey, is based on the finite element method as described 
in the previous sections and Appendix 1.
A simplified descriptive flow chart for the programs is 
given in Fig. 3.4 and can be summarised as follows:
1. The geometry of the structure and the applied loads 
on it, relative to a frame coordinate system, are 
read as data; .
2. Stiffness matrix of individual elements is formed 
as shown in section 3.5?
3. The stiffness matrix of individual elements is 
transformed from local coordinate system to frame 
coordinates;
4. The structure stiffness matrix is formed by the 
addition of the stiffness matrices of the individual 
elements. The stiffness matrix of the structure
is by nature square, symmetric and sparse. The 
sparsity follows a certain pattern with the non zero 
elements grouped around the diagonal of the matrix: 
a matrix of this form is known as banded matrix.
Consequently as the matrix is symmetric and banded 
it is necessary to store only half the band in the 
computer. The solution of large structures requires 
a considerable amount of computer storage capacity, 
therefore this procedure for storing the stiffness 
matrix is of great value;
The constraints due to the boundary conditions are 
introduced as explained in section 3.7?
The resulting set of simultaneous equations is solved 
for the nodal displacements using the method of 
Gaussian elimination?
The internal stresses are computed from the resulting 
displacements by applying equation 3.8.1.
END
From stiffness matrix of structure
Transform into frame coordinates
Apply boundary conditions,
and prescribed deformations
Evaluate stiffness matrices of
individual elements
Solve set of simultaneous equations
for nodal displacements
Comput internal stresses
and principal stresses
Read data - Geometry
and, Constraints
Loads
Fig. 3.4 Simplified flow chart for the computer program
3.10 Examples of Solution
As mentioned earlier, the computer program for the 
structural analysis has been written in two parts, the 
first involving the plane stress analysis and the second 
involving the flexural analysis? the two stages were then 
assembled to form the complete program. Several problems 
which have been solved by exact methods were utilised to 
check the accuracy of each stage of the program and to 
estimate the rate of convergance that can be expected 
during a structural analysis.
3.10.1 Plane Stress Program
The plane stress problem chosen to test the accuracy 
and convergance of the finite element analysis was a beam 
subjected to a concentrated load at the centre. The beam 
was analysed under simply supported and encastre conditions. 
The dimensions of the beam together with the various mesh 
sizes used to test convergance are shown in Fig. 3.5. The 
deflections obtained by the finite element analysis together 
with the exact solutions are given in Table 3.10,1. The 
percentage error of the approximation calculated from the 
formula
approximate value - exact value , error = ■■■ y — ---- — — - x 100
are also given in this table.
It may be seen from these results that there is a 
reasonable agreement between the analytical and exact 
solutions and the convergance is acceptable.
3.10.2 Plate Flexure Program
The plate flexure problem chosen was that of an isotropic,
square plate subjected to a concentrated load at the centre
of the plate. The first case tested was that of a simply
supported plate and the second, a plate clamped around the
four sides. The plate was analysed with various mesh sizes
in order to test the accuracy and convergance of the program?
the various grids used are shown in Fig. 3.6. The results
obtained for the central deflection of the plate are shown
in Table 3.10.2, together with an exact solution obtained 
(35)by Timoshenko
From the table it is seen that the finite elements 
results are within 0.7 percent and 6 percent of the exact 
solution and for both types of boundaries the convergance 
is reasonable.
1 lb.
16 elements
8 elements 32 elements
FIG. 3.5 Beams in Membrane Analysis.
Mesh No. of Nodes
Simply Supported Beam Encastre Beam
Central
Deflection % error
Central
Deflection % error
8 9 68.5 70.2 24.6 57.2
16 13 115 50.0 33.7 41.4
32 25 183 20.4 54.5 5.2
Exact
(Timoshenko) 230
- 57.5 -
multiplier 10 ^
Table 4.10.1 Computed Central Deflections for a Beam Subjected 
to a Concentrated Load at the Centre
U elements 8 elements
16 elements 
F lexure  Analysis.
Mesh No. of Nodes
Simply Supported Plate Clamped Plate
a % error a % error
4 5 0.00139 1.82 0.00579 3.39
8 9 0.01184 2.07 0.00591 5.54
16 13 0.01174 1.21 0.00564 0.71
Exact
(Timoshenko) 0.01160
- 0.00560 -
wmax
aPL'
D
Table 4.10.2 Computed Central Deflections for a Square Plate 
Subjected to a Concentrated Load at the Centre
CHAPTER 4
EXPERIMENTAL PROCEDURE FOR MODEL TESTING
4.1 Introduction
To overcome the low rigidity of unreinforced plastics 
materials it is necessary to- design structures built in 
this material so that they resist mainly inplane stresses; 
examples of these are thin shell structures and folded plate 
structures. The thin shell structures of which folded plates 
are of a particular kind with sudden changes in slope, carry 
mainly tensile, compressive and shear loads with only a 
nominal amount of bending stresses when under load.
'An experimental study was carried out on a laboratory 
model to observe its deflection and stress behaviour under 
load. The results of this investigation were compared with 
a theoretical analysis, utilising the finite element method 
of structural analysis as described in Chapter 3.
The experimental model chosen for the study was of 
folded plate construction and was formed by combining 
separate tetrahedral elements, described in section 2.4.,
A pitched roof model, made of Sintilon material, was 
constructed in the form of two inclined members raised above 
the general ground level by vertical members. Fig. 4.1 and 
Fig. 4.2 show the plan and a cross section of the model. A 
description of the model and the tests undertaken are given 
in this Chapter.

FI
G
.A
.2
- 
A 
C
R
O
SS
-S
EC
TI
O
N
 
OF
 
TH
E 
M
O
DE
L.
4.2 Unit Construction
Sintilon is a thermoplastic plastics which can be heated 
and moulded into different shapes and was therefore an ideal 
material to use for the manufacture of the structural units.
Three different geometrical shapes of tetrahedral units were 
required for the construction of the model. The dimensions 
of the three shapes are shown in,Fig. 4.3. The moulds for 
the production of these units were made from 3/4 inch plywood 
sheets, and were stiffened from the inside to prevent the 
finished mould surface from warping due to the heat and : 
suction pressure of the moulding machine during the manufacturing 
process. Fine holes were drilled through the moulds to 
allow free passage of air when vacuum was applied, and 
to prevent air pockets forming on the upper surface of the 
moulded unit.
The units were formed by the Parnevac (model 2420) 
vacuum forming machine. The first production operation was 
to sand the mould down to a smooth surface and to coat the 
surface with y§he|j.a^ An 18" x 12" sheet of Sintilon was 
clamped around its four sides to the horizontal frame of ' 
the machine. Inside this frame a vertically moving table, 
upon which the mould was placed, was brought up to the sheet 
of' Sintilon so that when the sheet had been heated to its 
softening temperature, by electrical heaters, suction was 
applied to the underside of the sheet causing it to be drawn 
down over the mould. The plastics sheet was left on the 
mould until it had cooled down and hardened into the required 
shape.

After the plastics had set it was extracted from the 
mould and the waste material was removed. A half inch rib, 
along the edge of each unit, was left for jointing to 
adjacent units. The vacuum formed sheet was bonded to 
another formed sheet by a glue made from Sintilon which had 
been dissolved in Tetrahydrofuren, so that their folding 
lines lay at right angles to each other when viewed in 
plan. Fig. 2.9 illustrates the unit.
4.3 Assembly of Model
The assembled model is shown in Fig, 4.4. The model 
consisted basically of two inclined members raised above 
the general ground level by vertical members which were 
prevented from moving in the x, y and z directions.
The inclined members were constructed first by jointing 
units of type 1 (Fig. 4.3) together by bolting along the 
edges utilising four equally spaced 3/8 inch brass bolts.
To form the units at the outermost edges, the type 1 
tetrahedral units were cut along one of the folding lines 
and the open side was then sealed off by bonding a flat 
triangular sheet of Sintilon .across it. These units were 
then bolted into position to form the complete inclined 
members.
The vertical members were formed similarly by jointing 
units of type 1 together. The vertical members were then 
placed on a rectangular timber frame which acted as a 
vertical support for the structure. Timber battens were

fixed, on the inside and outside of the structure along the 
whole length of the base? these supports formed the necessary 
restraints for the model under test.
The inclined members were then connected to the vertical 
members by utilising units of type 2 (Fig. 4.3) which were 
again bolted to the adjacent units by four brass bolts 
along each edge. Units of type 3 were utilised at the apex 
to complete the structure and to join the two halves of the 
structure together. *
4.4 Loading Arrangement
The static loading test was utilised by applying dead 
weights to the structure and analysing its behaviour under 
load; these were applied at the junctions of four adjacent 
units. Circular mild steel rods, 1/8" in diameter, were 
threaded through the joints at their upper ends and were 
bolted into small circular Perspex pads, machined to fit 
the contour of the model. The pads served as load distributing 
devices. From each loading point springs were attached to 
enable the loads to be applied gradually to the structure; 
these springs hung from the steel rods. Spacers were placed 
between the springs and weight hangers to enable all hangers 
to rest at the same level on the ground plane platform. The 
loading conditions to be applied to the structure could then 
be realised by lowering the platform with the aid of a 
hydraulic jack fixed to it. The arrangement is shown in 
Fig. 4.4.
The loading platform was made entirely of timber. It 
consisted basically of a 4ft. x 4ft. x 1/2 inch sheet of 
plywood supported by four 2 inch x 4 inch joists fastened 
underneath the platform. The hydraulic jack was located 
at the centre of the platform to facilitate its vertical 
movement.
4.5 Strain and Deflection Measurements
The strain gauges used were 0, 45°, 90° rosettes 
(Showa, type FR-8) with a nominal resistance of 119.8 i:
0.3 ohms, a gauge factor of 2.12-2.13 with a gauge length 
of 8mm. The nylon backing of the gauges was bonded to 
the Sintilon surface by Epoxy glue. The strain rosettes 
were connected, by means of multi-core shielded cables, 
to an electronic data logger which recorded the strain 
readings directly on punch paper tape. Only one dummy gauge 
was required for use with the data logger and it was mounted 
on to the same material of construction as the structure. 
Each gauge was calibrated according to its gauge factor.
Twenty five strain rosettes were used throughout the 
structure to study its stress/behaviour under load. The 
positions of the gauges are shown in Fig. 4.5.
The strain rosettes were tested before the start of 
the experiments to check that the gauges were not damaged 
and that they were well insulated and properly fixed. By 
applying a small pressure on the elements containing the 
gauges, the pointer on a strain recorder gave a certain
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FIG.4.6 POSITIONS OF DIAL GAUGES IN PLAN.
reading and then returned to its initial position after, 
the removal of the pressure.
Dial gauges with a sensitivity of 1/1000 inch and 
1 inch range were used to measure the deflections at 
selected joints. Fourteen joints were chosen for such 
measurements. Advantage was taken of the symmetry of the 
structure to verify the accuracy by measuring the deflections 
at the corresponding symmetrical joints, resulting in a 
total of twenty seven joints. The positions of the dial 
gauges on the plan of the structural model are shown in 
Fig. 4.6.
A rigid frame, made of Dexion, was constructed to which 
the dial gauges were attached by means of magnetic bases 
or steel rods. The plungers of the vertical dial gauges 
rested on top of the plastic pads glued to the joints as 
described in section 4.4. The plungers of the horizontal 
gauges rested on rectangular pieces of Sintilon glued to 
the sides of the plastic pads.
A computer program was developed to process the 
results of the tests carried out. It was assumed that 
all the elements remained in the elastic linear range after 
the application of the loads and a linear relationship 
between stress and strain existed.
4.6 Test Program
Preliminary analyses were carried out to assess the 
maximum load to be applied to the model in order to have a
good interpretation of the structural behaviour of the model 
in the elastic range. Loads were applied on the model to 
take care of small gaps at the joints and slackness in the 
model due to the manufacturing process.
Every test consisted of five increments of loading 
and unloading. The maximum total load applied on the model 
was 212 lbf which corresponds to a uniformly distributed
load of 8 lbf/sq.ft. on plan.
An initial set of dial gauge readings and strain 
readings were recorded before the application of the load. 
The displacement and strain readings were taken immediately 
the load was applied, after one hour's creep and again 
after twenty one hours' creep. The loading was then removed 
and the structure allowed to recover for three hours; 
readings were recorded immediately the load was removed 
and again after three hours. This procedure was repeated
for each increment of load.
Two loading cases were investigated:
:{1) A full span load, i.e. a uniformly distributed 
load on 53 joints; and
(2) A half span load, i.e. a uniformly distributed 
load on 28 joints.
The initial readings before the application of each 
increment of load were considered as the origin and the
net values of strains and deflections were calculated 
accordingly. A Mohr's circle was constructed to calculate 
the principal strains from which the principal stresses 
induced in the structure by the applied loads were computed.
CHAPTER 5
EXPERIMENTAL AND THEORETICAL RESULTS
5.1 Introduction
The experimental values of deflections and stresses 
resulting from the tests described in the preceding chapter 
have been plotted against the applied loads on the model.
The graphs and the overall behaviour of the model when under
load are discussed in section 5.2.
A theoretical study, carried out on the model utilising 
a finite element method of structural analysis, is given in 
section 5.3. The deflections and stresses resulting from 
this analysis have been computed for a joint load of 4 lbf;
as the analysis is linear, other joint load conditions may
be obtained by a linear interpolation.
In the theoretical analysis, the edges of the units 
comprising the structure were assumed to be fully bonded 
throughout their lengths. The effect of this assumption on 
the behaviour of a structure in which the units were bolted 
at regular intervals along their edges, as is the case in- 
the model, was investigated and the results are given in 
section 5.4.
To assess the validity of the theoretical work, comparisons 
have been made with experimental investigations,Whenever 
possible, and conclusions drawn on the reliability of the two 
methods of analysis.
5.2 Experimental Results
5.2.1 Deflections
For each increment of load, the deflections of the joints 
were recorded immediately the loads were applied, then again 
at one hour and twenty one hours after the application of 
the load. The recovery was recorded immediately the model 
was unloaded and at three hours after this. Figures 5.1 and
5.9 show the deflections at different joints plotted against 
the applied loads. Positions of the dial gauges are shown 
in Fig. 4.6.
It may be seen that the curves of load against deflections 
are essentially linear. However, some joints deviate from 
this linearity when the deflections are too small to be 
recorded accurately. Consistent with most engineering 
materials, the creep rate tends to increase as the load 
increases; this is shown in Figures 5.1 to 5.9 for increments 
of joint loads up to 4.0 lbf. At the conclusion of these 
load extension tests, joint loads of 5 lbf. were also applied 
and a creep investigation was undertaken; under this load the 
creep was excessive and the test had to be abandoned. On 
removing the loads at each increment complete recovery did 
not occur; the average creep recovery at the end of the loading 
tests was ninety percent.
The model was constructed with two axes of symmetry and 
therefore the transverse horizontal deflections on the centre 
lines of the model should have been zero. The tests showed
that small but irregular deflections occurred at these joints. 
A possible reason for these occurring could have been the 
imperfections inherent in the model at the time of manufacture. 
This also meant that the deflections at corresponding joints 
at either side of the assumed axis of symmetry were slightly 
different from each other.
The data logger used for recording directly the strains 
induced in the structure due to the applied loads had a 
maximum capacity of fifty channels, i.e. only sixteen strain 
rosettes could be used in each loading case. As twenty five 
strain rosette readings were required, the tests had to be 
carried out twice and as a check the deflections were recorded 
during the second loading as well as during the first. The 
deflections recorded the second time were generally smaller 
than those recorded during the first loading. Figures 5.4 
and 5.8 show that for gauge 23, which is at the apex of the 
model, the deflections measured for the first loading test, 
which was when the load was placed on the right hand side of 
the model, were ten percent higher than those recorded for 
the second loading test which was when the load was placed on 
the left hand side of the model. An explanation of this may 
lie in the creep of the material during the loading and 
unloading cycles helping to smooth the initial imperfections 
in the structure.
5.2.2 Stress-Load Relationship
The principal stresses at different points are plotted 
against joint loads and curves are drawn to represent the
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path the relationship follows; these are given in Figures 
5.10 to 5.13 for a full span load and Figures 5.14 to 5,17 
for half span loads.
It may be seen that the curves of load against stress 
are not linear and that the rate of change of stress varies 
inversely with the applied loads. The principal stresses at 
the knee, centre of the inclined member and ridge of the 
structure had similar values but were of small order. For a 
full span load of 2 1 2  lbf the maximum tensile stress was 
66.9 psi and occurred at gauge no. 10 and the maximum compressive 
stress was 207.7 psi at gauge no. 11. For a half span load of 
112 lbf, the maximum tensile stress was 78.6 psi and the 
maximum compressive stress was 255.8 psi.
Possible reasons for the nonlinear relationship obtained 
in Figures 5.10 to 5.17 are that the stresses induced at the 
centroid of the continuum folded plates structure are of a 
relatively low order when a uniformly distributed load is 
applied to the structure. It is possible that the continua 
away from the folds do not take large inplane stresses due 
to the majority of the load in the structure being concentrated 
at the folds. In this structure it would not have been realistic 
to place linear strain gauges along these fold lines as at 
the junction of two units four thicknesses of material existed. 
Due to the low stress levels in the continuum the stress 
values may not be very accurate or reliable as a very small 
error in a strain gauge reading may produce an appreciable 
difference to the resultant stresses. A further cause of the
nonlinearity may have been due to temperature change during 
the various tests; it is a well known fact that plastics 
have a high coefficient of expansion and therefore will expand 
greatly during a small change in temperature. As these tests 
were carried out during the summer when the temperature was 
fairly constant, this is not a likely cause for large 
inaccuracies.
In a structure of this form in which buckling of the 
continuum takes place with only very small applied compressive 
loads it is advisable to place strain gauges on each surface 
of the stressed skin so that inplane stresses and bending 
stresses may be recorded. This was not done in this 
investigation.
A small change in the surface configuration due to initial 
lack of fit of units could be nullified or intensified by the 
application of an external load. This initial buckling of the 
surface could be an explanation for the particular behaviour 
of the stress against load curve of gauge 18 in Figure 5.12; 
this curve indicates that at zero load there is a tensile 
stress of about 9 psi.
5.3 Theoretical Analysis
In order to estimate the suitability of Sintilon as a 
structural material, an analytical and experimental technique 
were used to compare the loading characteristics of the 
structure. The analytical results were obtained from an 
idealized mathematical model utilising the finite element 
method of structural analysis.
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The following assumptions are made in the theoretical 
analysis:
(1) The structure is elastic;
(2) The joints are of infinitely small volume?
(3) The joints are completely constrained by the supports
(4) The material is uniform?
(5) The geometry is exact?
(6 ) There are two axes of symmetry along the centre lines
of the structure;
(7) The edges of the units are fully bonded throughout
their lengths.
The structure was divided into triangular elements for 
the analysis. Advantage was taken of the tetrahedral shape 
of the units in the assembly as each unit was considered as 
four triangular elements. Advantage was also taken of the 
symmetry of the model and only one quarter of the structure 
was needed for the analysis. Every joint was numbered and 
the constraints and forces on it, if any, were noted.
Fig. 5.18 shows the part of the structure which was analysed 
with the proper numbering of nodal points. The structure was 
then divided into a finer mesh where each element in the 
first assembly was divided into three isosceles triangles and 
the idealized model was then analysed again.
The input data for the computer program consisted of six 
main parts as follows:
(a) The total number of elements, joints, restrained 
and loaded joints and the mechanical properties 
of the material;
1 2 3
FIG. 5.18 F IN IT E  ELEM ENT MODEL NUMBERING.
(b) The geometry of the structure, i.e. the three 
cartesian coordinates of each joint relative to 
the frame coordinates system;
(c) The force matrix, i.e. the number of loaded joint 
and the forces applied at it. Only vertical loads 
were applied on the model;
(d) The free matrix, i.e. the constraints list, the 
number of the constrained joint and the degree's of 
freedom in which it was restrained;
(e) The memend matrix, i.e. the number of the nodal 
points comprising each element;
(f) The vec matrix, i.e. the order in which the stiffness 
matrices of the elements should be computed to 
utilise the disc backing store facility in the 
computer to reduce the core space needed for the. 
analysis of the structure.
The program then computed the displacements and the 
stresses induced in the structure due to the applied loads.
The results of the analysis are given in section 5.5.
5.4 The Effect of Unit Connections on the Structural Stiffness
The method of joining different units to form a structural 
assembly has a marked effect on the rigidity of the structure.
In the theoretical analysis of the model, an assumption that the 
units are completely bonded to each other along their lengths 
was made. This assumption implies that the edges form an
integral unit while in practice this was not so. A theoretical 
study was undertaken to observe the effect of joining the units 
together by bolts as opposed to bonding throughout their lengths.
A square based pyramid, Fig. 5.19, constructed of four 
isosceles triangles was analysed in two ways. The first case 
was to assume that the triangles were completely bonded to each 
other along the edges and the apex was one joint of an 
infinitely small volume. The pyramid was loaded at the apex 
with a vertical load of 4 lbf and the four corners of the 
pyramid were completely fixed. The second case was to assume 
that the triangles were connected to each other by two bolts 
along each edge and the apex consisted of four infinitely 
small joints meeting at the same point, i.e. having the same 
cartesian coordinates, but acting independently. The four 
pound load was divided equally on each of the four joints at 
the apex and the same support conditions were applied to the 
structure as in case one.
In both analyses, the pyramid was divided into one hundred 
elements as shown in Fig. 5.19. An elastic modulus of 
455800 psi (Sintilon) and a Poissons ratio of 0.30 were used 
in both cases.
The displacements resulting from the analysis are given 
in Table 5.1 and the principal stresses for the elements are 
given in Table 5.2. From Table 5.2, it may be seen that in 
case one the element.stresses are small and these stresses 
decrease towards the apex of the unit. The maximum tensile 
stress if 62.39 psi induced in element 2 and the maximum
F IG .5.1.9 F IN IT E  ELEMENT NUMBERING OF PYRAMID.
Element
Number
Fully Bonded Connection 
Along Joint Line
Bolted Connection 
Along Joint Line
Case 1 Case 2
Max Stress Min Stress Max Stress Min Stress
1 54.51 -2.29 583.96 139.59
2 62.29 4.51 32.12 -633.56
3 47.20 19.10 - 19.54 -656.10
4 32.60 7.53 54.45 -399.52
5 29.99 23.08 -235.96 . -857.68
1 0 27.93 -3.93 416.29 -217.54
1 1 32.15 -2.55 250.00 -8 6 6 . 8 6
1 2 2 1 . 1 1 4.66 -368.83 -1429.66
13 26.38 -0 . 0 1 -240.66 -793.21
17 6.89 -15.25 -741.79 -3029.75
18 15.72 -5.07 359.11 -543.20
<y\i—I 5.01 -6.50 1119.52 333.16
2 2 -4.62 -18.40 3265.27 852.87
23 2.48 -0 . 1 1 1918.50 541.41
25 -1 . 2 0 -1 . 2 0 27895.55 8334.52
All values ,are in lbf/sq.in.
Table 5.2 Element Stresses for Square Based Pyramid
Joint
Number
Fully Bonded Connection 
Along Joint Line
Bolted Connection 
Along Joint Line
Case 1 Case 2
dx dy dz dx dy dz
1 0 0 0 0 0 0
2 -1.56 -2.58 -31.28 -1,91 12.38 -103.3
3 -0.62 -2.65 -47.32 -0.94 -56.35 2 2 2 . 8
7 V 1.19 1.19 -32.86 0.77 30.29 -175.9
9 0.15 -0.99 -50.35 -0.33 -42.83 161.4
1 0 0 -1.60 -54.87 0 -92.26 398.5
15 1.41 1.41 -52.37 0.65 0.65 -43.91
16 0.35 -0.39 -59.14 0 . 1 2 125.17 564.2
2 1 0.80 0.80 -60.56 0.96 -182.46 857.5
23 0 -0.08 -63.19 0 -78.64 325.9
29 0.04 0.04 -64.54 1.50 1.50 -74.2
35 0 0 -74.84 0 1160.4 -5866.7
All values are multiples of 0.0001 in.
Table 5.1 Joint Deflections for Square Based Pyramid
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compressive stress is 18.40 psi at element 22. The stresses 
resulting in case two are very high compared to the first 
case and the pyramid would fail as the maximum tensile stress
resulting in element 25 is 27895 psi.
It is shown in Table 5.1 that the joint displacements in 
the x direction for both cases are of similar value. The 
deflections in case two along the y and z directions at the 
bolted nodes (viz 15 and 29) are also of similar order to those
for the fully bonded case. The displacements in the y and z
directions for case two, apart from those mentioned above, 
are very much larger than those of case one; the vertical 
displacement at the apex for case two is 75 times greater 
than the displacement for case one. Figures 5.20 and 5.21 
show the deflections of the base line and those of the edge 
line of the triangles for both cases.
5.5,Experimental and Analytical Results
The maximum and minimum principal stresses computed from 
the experimental tests are tabulated in Table 5.3. The finite 
element solutions for the stresses at the positions where the 
gauges were situated are given in Table 5.4. As the comparisons 
between the finite element and exact solutions for individual 
plates results given in section 3.10, agreed to within 99%, 
it was expected that the finite element method applied to 
the Sintilon structure would yield solutions which agreed 
with the experimental results within acceptable limits.
However owing to the complex behaviour under load of the 
structural model, a direct comparison between the experimental 
and the analytical results was not able to be made.
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Figures 5.22 and 5.23 show the experimental and analytical 
deflected shapes of the centre line of the model due to full 
span and half span loads respectively. It may be seen that 
the finite element method yields solutions which shows a 
greatly stiffer structure than the experimental one. This 
is mainly due to the assumptions made in the idealization of 
the experimental model into a mathematical one. One of the 
main assumptions made in the analytical solution is that the 
edges of the units, comprising the structure, are fully bonded 
to each other throughout their lengths. This implies that 
the junction of four adjacent units form one integral joint 
at which the load is applied. In the experimental model, 
the edges were joined together by four equally spaced bolts.
The effect of the two different methods of attachment on 
the behaviour of a square based pyramid under load was shown 
in section 5.4. The assumption made in the analytical solution 
of a fully bonded connection is believed to be the principal 
reason for the greater rigidity of this model compared to 
the experimental one and for the discrepancies seen in the 
two results.
The complexities surrounding the behaviour of shell 
type structures, of which folded plates structures are one 
example, make it difficult to compare the analytical and 
experimental results directly. Particular factors affecting . 
the variation in solutions of the two models under consideration 
are the boundary conditions of the elements; at the joint of 
the two basic rhombic units, four thicknesses of material 
exist in the experimental model whereas only one thickness is
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considered in the analytical model. In a structure of this 
form which has a very small thickness, buckling of the 
element surface occurs under very small compressive loads 
and a non-linear relation between stresses, loads and element 
thickness then develops.
Other factors on which the behaviour of a structure under 
load may depend are the initial imperfections inherent in the 
experimental model at the time of manufacture; this makes 
the behaviour of the actual structure quite different from 
an idealized one. These imperfections may also produce an 
eccentricity in the loading where the load applied at the 
junction is not distributed evenly on the four adjacent units. 
Another factor which may have a marked effect on the behaviour 
of the structure is the non uniformity of the material after 
the basic rhombic units have been vacuum formed.
The aforementioned factors make a quantitative comparison 
between the experimental and analytical results difficult at 
the present moment, but with further modifications and 
improvements in the computer program to incorporate these 
various influences, it would be expected that a greater degree 
of correlation could be achieved. The general form of the 
deflected shape observed by the experimental analysis is 
repeated in the finite element analysis.
Setting the bending stiffness of the elements in the 
finite element analysis to zero showed that the difference 
in solutions between this case and the case where the flexure
in the elements is taken into consideration was negligible. 
However, reducing the size of the mesh, as explained in 
section 5.3, showed an increase in the deflections by an 
average of forty percent.
CHAPTER SIX
CONCLUSIONS
It is a well known fact that plastics materials whether 
reinforced with glass fibre or whether unreinforced have a low 
value of structural stiffness. The importance of using the 
geometry of the basic unit comprising the overall structure 
to obtain the required stiffness has been shown in this 
investigation.
Previous investigators have experienced a poor correlation 
of the deflections when comparing experimental and analytical 
solutions. These have been attributed to imperfections in the 
construction stage and misalignment of the individual elements; 
these imperfections have been observed in the present 
investigation.
In this study it has been shown conclusively that the 
method of connecting individual units has a considerable effect 
on the overall behaviour of the structure; a complete bond 
of the flanges of the adjacent units of the structure will 
produce a much stiffer construction than that of bolted 
connections. To illustrate this the four sides of an analytical 
pyramidal unit were first bolted and were then bonded together 
and it was shown that the stiffness is such that the deflections 
of the two models at the apex were in the ratio of 75:1. It is 
not possible to investigate the influence of the reduced stiffness 
on the overall bolted structure because of the large computer 
core size required but it is estimated that the deflections
will be increased considerably. A more realistic idealization 
of the interconnection of elements of the bolted structural 
model would have yielded results comparable to the experimental 
solutions.
When strain gauges are bonded to the surface of a material 
which has a low modulus of elasticity, the value of strain and 
the distribution of strain near the gauge are altered; this is 
due to the local stiffening effect of the gauge. As the strains 
and stresses induced in the model under load are of a small 
order, the values could be changed considerably by the local 
stiffening. To reduce this effect, a very thin glue line has to 
be used in conjunction with small thickness materials. As 
draughts were noticed during the tests, it is advisable to 
protect strain gauges by felt pads; this would also reduce 
the effect of large temperature variation.
Due to the large number of dial gauges used in the tests 
and the geometry of the structure, it was very difficult to 
read the gauge deflections within a very short period of time. 
The deflections recorded immediately the loads were applied were 
not only due to the loads but, because of the time lag, they 
were also due to the creep of the material. It was noted that 
the deflections changed appreciably during the three minutes 
it took for recording the gauge readings. An independant 
framework was required to support the dial gauges when placed 
on the structure. Even though great care was taken when 
recording displacement readings, some readings were disturbed
by an accidental touch of the framework. Therefore greater 
accuracy would have been achieved had it been possible to use 
electric transducers to measure the deflections.
As was expected, the maximum vertical and horizontal 
deflections were at the apex and at the knee of the model 
respectively.
It can be seen from this investigation that the design 
criteria for a plastics structure is not so much the danger of 
exceeding the allowable working.stresses of the material, but 
the excessive and continuously increasing displacements that 
take place over the life span of the structure.
It was not the aim of this study to develop a new
geometrical element or to introduce new displacement functions 
for existing elements. Therefore, the displacement functions 
used are those employed by other analysts and which were found 
to be suitable for a triangular element formulation.
It was noted that the deflections due to the assumed 
displacement functions tend to converge down to the exact 
solutions, yet the results of the analysis of the model indicate 
upward convergence; this has also been shown by other researchers. 
It is assumed that this is due to the non-compatibility of the 
assumed displacement functions used in the analysis, owing to 
the associated inter element boundary conditions.
An improvement on the method of analysis used in the
present study would be the employment of such compatible
displacement functions. The introduction of a new compatible 
function would be a vital extension to this research.
Suggestions for future research; It was shown in this 
investigation that the folded plate geometry of the units 
increased the stiffness of thin sheet materials and allowed 
additional loads to be carried by lightweight structures. The 
problem of anchoring a structure with a very small dead weight 
may be considerable. Wind tunnel tests should be carried out 
to observe the behaviour of the structure under wind loading.
An investigation should be carried out on the effect of 
the application of dynamic loads on the structure from wind 
buffeting. The vibration of thin elements should also be studied. 
A study of the effects of initial imperfections on the behaviour 
of structural systems under static and dynamic loads should 
also be undertaken.
The scope of this investigation was limited to linear 
elastic structures under static loads. There are therefore 
many fields of study remaining for research investigations.
Some of these are the effect of creep, temperature and 
geometrical changes on the analysis of space structures.
In the analytical investigation it will have been noted
that the' rotation about the z-axis (8 ) has been assumed to bez
zero in the local element coordinates. A study of the effect 
of this assumption on the structural behaviour of the model 
would be of value.
With the introduction of lighter and more efficient 
structures, many of these fail on structural instability, the 
post buckling behaviour of structures and its effect on initial 
buckling and non-linear structural analysis.
APPENDIX ONE
MATRIX FORMULATION FOR TRIANGULAR FINITE ELEMENT ANALYSIS
App. 1.1 Membrane Analysis
The assumed displacement functions in plane stress 
analysis as given in section 3.4.1 are
V = a4 + a5x + a6y
app(1 .1 )
The number of generalised coordinates coincides with
the six degrees of freedom of a triangular element where
%
two degrees of freedom, U and V, are ascribed to each nodal 
point. The matrix, A, in the relation
d = A a m m
can be written in the form
app (1 .2 )
"u. ~1
V.1
uj . —  .
vj
°k
1
>
1
1 X.1 Yi 0 00 oc
0 0 0 1 xi
»—1
1
xj
Y.
3
0 0 0
0 0 0 1 X
(_
I. Y.
3
1 xk Yk 0 0 0
0 0 0 1 xk Yk
app (1.3)
The derivatives of the displacement functions are
3u
3x
3 v 
3y = ey = a6
app (1.4)
3u 3v 
3y 3x = Yxy a3 + a5
Hence equation 3.5.5 can be written as
ex 0 1 0 0 0 0
Ey
= 0 0 0 0 0 1
Y’ xy 0 0 1 0 .1 0
£ = B am m
app (1.5)
From the theory of elasticity, the stress-strain relation 
for an isotropic material can be expressed as
x (ex + vey )
E
xy
1 ”"“^  y 
E
2 ( 1  + v) Yxy
(e„ + vex ) app (1 .6 )
In matrix form
- — . — — . —
a 1 v 0 £
X X
a E
o
 
1—
1p £
Y 1 - v2- Y
T 0  0  i ~ Y
-  X y -
2
_  y  -
a = D e m m m
app (1.7)
The -principle of virtual displacements is employed in 
deriving the stiffness matrix of the element. The procedure 
is presented in section 3.5 giving the following matrix 
equation
-T -1K = A MA m app(1 .8 )
where,
M - f .*./vol. B DBdV app (1.9)
For an element with a constant thickness, t, the matrix, 
M, becomes
M - JJ area BTDBdA  app (1 .1 0 )
The matrix M is given explicitly in Fig. app. 1-1.
“  0 0 0 0 0 0  “ X 2
0 1 0 0 0 V
EA
0 0
1 - V 
2
0
1 - V 
2
0
1 -  v 2-
0 0 0 0 0 0
0 0
1 - v 
2
0
1 - v
2
0
0 V 0 0 0 1
_ X l
A - surface area of the trinagular element 
xl' x2 ' ^ 1  an<^  ^ 2  are t i^e integration
Fig. app.1-1 Matrix M
App. 1.2 Bending in Plates
The assumed function for the lateral displacement, W, 
of the 'middle plane1 of the plate is presented in 
section 3.4.2.2, namely
W = 31L1 + 32L2 + e3L3 + B4 (L2L1 + ^ L ^ L ^ )  +
3 5 (L^L3 + ^L1L 2 L3) + 3 6 (L^L3 + ^LxL 2 L3) +
37 (L2L3 + ^L1L2L3) + 3g(L3L2 + ^LxL2L3) +
9 (LiL 2 + ^L1L2L 3^
where 3-^ 32/ 33 • • •
..... app (1 .1 1 ) 
3 g are the generalised coordinates.
The out-of-plane displacements at any point on the 
continuum, due to lateral loadings are given as
w w
a 3w
X 3y
0 3fay 3x
app(1 .1 2 )
where,
3x 2A ^ l bl + ^2b2 + 3 3b3 + ^4 b^lL2 + 2b2LlL2 + DX  ^ +
3 5 (b3Ll + 2 blLlL3 + Dx) + 3g(biL 3 + 2b3LiL3 + Dx) + 
37 (b3 L 2 + 2b2L 2 L 3 + Dx) + 3g(b2 L 2 + 2b3L 2 L 3 + Dx)+
39 (b2L^ +,2b1L 1L 2 + Dx) ) app (1.13)
and the expression 3w/3y can be obtained by replacing the 
coefficients, b and Dx in equation app(1.13) by the 
corresponding coefficients, c and Dy respectively.
The coefficients of equation app(1.13) are given as 
follows
bJt = Yj - yk  .app (1.14)
ci = xk xj
° x  =  2 A  =  M b i L 2 L 3  +  b 2 L i L 3  +  b3LlL2)
 app(1.15)
Dy = 2 A J,(ClL 2 L3 + C2 LxL 3 t
 app(1.16)
and, A = the area of the element.
The matrix A in the relationship
df = Af 3  app (1.17)
can be written as
— —. —
w. 2A 0 0 0 0 0 0 0 0 gi
0xi " C 1 “ C 2 ~C3 0 "C3 0 0 0 _ C 2 S 2
0 .
yi bl b 2 b3
0 b3 0 0 0 b2 63
w.
j
0 2A 0 0 0 0 0 0 0 »4
9xj
1
2A “ C 1 ~ C 2 ~C3 ~ C 1 0 0 *"C3 0 0
eyj bl b 2 b3 bl
0 0 b3 0 0 6 6
wk' 0 0 • 2A 0 0 0 0 .0 0 h
0xk ” C 1 "”C 2 'C3 0 0 - C 1 0 ” C 2 0 H
yk bl b 2 b3 0 0 bl 0 b 2 0 69
-  — . _ _• —
(o cr )
Timoshenko and Woinowski-Krieger ° ^  7 derived the 
expression for the bending and twisting moments for a plate 
under pure bending as
M.
M
Et
1 2 ( 1  - v2-) 9x
2 2
9 'W , 9 W+ v 9y-
Et
2 2
9 W J 9 W. + v-12 (1 - vz) By2- ‘ v9y2- app(1.18)
M Et 92Wxy 12(1 + v) 9x9y
where E is the modulus of elasticity, t the thickness of the 
plate and v is Poissons ratio. .
In matrix form, equation app(1.18) can be written as
M_x
M
Mxy
Et"
1 2 ( 1  - v^)
1 V 0
V 1 0
0 0 l~\i 
2
°f ~ Df ef
" 9 W
9x
9 W
9y
9 9 W
9x9y
app(1.19)
Equation 3.5.5 can be written as
= B, 3 app (1 .2 0 )
where, •
B =
d2 w  
9 x^
2
9 W 
9y2-
2
9 W 
9x9y
app (1 .2 1 )
where,
d2W
4A2 axay P4^Ll^2 b2C2 + 0#5b2c3 + °*5b3c2^  + L2^2blc2 +
2b 2 c^ + 0.5b^c2 + 0.5b3 c^) •+
(0.5b^c2 + 0.5b2 c^) ) +
3^(L-^(2b^c2 + ^b 3 ci + °*^b2C3 + ^*^b3c 2^  + 
L 2 (0.5b^c2 + 0.5b2 c^) + (2 b^c-^ +
0.5b^c2 + 0 .5b2 c-^ ) )■ +
• 3g(L^(2b2c2 + 0.5b2c 2 + 0.5b2c 2) + L 2 (0.5b^c2 + 
0.5b2c-^ ) + Lg (2b^c^ + 2b2c^ + 0.5b^C2 +
0 .5b2 c-^ ) ) +
3y (L^(0.5b2c2 + 0.5b2c2) + L2 (2b2c2 +
2b 2 c2 + 0.5b-^c2 + 0.5b2 c^) +
(2 b 2 c2 + 0.5b^c2 + 0.5b2 c^) ) +
38 (Li (°« 51>2C3 + O.Sb^c^ + L2 ^ 2b3c3 +
0.5b^c2 + 0.5b2 c^) + Lg(2 b 2 c2 +
2 b 3 c 2 + 0.5b^c2 + 0.5b2 c^) ) +
3^(L^(2b^c2 + 2b2c^ + 0.5b2c2 + 0.5b2c2) +
L2 (2b^c^ + 0.5b^c2 + 0.5b2 c^) +
L^O.Sb-^^ + 0.5b2 c^) )
 app(1 .2 2 )
where A = the area of the element.
2 2The expression 3 W/3x can be obtained by exchanging 
every coefficient, c, in equation app(1 .2 2 ); with the
corresponding coefficient, b, and conversely for the 
2 2expression 3 W/3y . Thus the matrix B can be written as
B L.G app (1.23)
matrix L is given as
i—
1
t-3
1
L 2 L3 0 0 0 0 0 0
L = 0 0 0 i—1
A
L 2 L3 0 0 , 0 ...app (1.24)
0 0 0 0 0 0
L 1 L 2 L 3
The elements of the matrix G which are different from 
zero are listed below.
2
Each expression must be divided by 4A .
G [i 4] = 2 b 2 + b2b3
G l’i 5 ] = 4 blb3 + b 2 b 3
G l'i 6 ] = 2b3 + b2b3
G :;i 7 ] = G  [ 1 ' s] b2b3
G *i 9 ] = 4blb 2 + b2b 3
G l2 4 ] = 4 blb 2 + bxb 3
G [ 2 5 ] = G[2 ,6; = bxb 3
G [ 2 A =: 4b2b3 + b 1 b 3
G [ 2 a ] = 2b3 + blb3
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G i 3 6 ] = 4b1b 3 + b 1b 2
g [ 3 7 i = 2 b 2 + blb 2
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The principle of virtual displacements used in deriving 
the stiffness matrix of the element gives the following 
matrix equation
K = A“T I BTDBdAA""1  app (1.26)
•'A
Substituting equation app (1.23) into the above 
expression results in
K = A”TGT I L^DLdAGA"*1 
•'A
Using the following formula 
Tthe matrix L D L which is shown in Fig. app. 1-2 is 
integrated over the area of the element and the resulting 
matrix is shown in Fig. app. 1-3.
app(1.27)
app (1.28)
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